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processingAbstract This study focuses analytically on the oscillatory hydromagnetic ﬂow of a viscous,
incompressible, electrically-conducting, non-Newtonian ﬂuid in an inclined, rotating channel with
non-conducting walls, incorporating couple stress effects. The model is then non-dimensionalized
with appropriate variables and shown to be controlled by the inverse Ekman number
(K2 = 1/Ek), the hydromagnetic body force parameter (M), channel inclination (a), Grashof number
(Gr), Prandtl number (Pr), oscillation frequency (x) and time variable (xT). Analytical solutions are
derived using complex variables. Excellent agreement is obtained between both previous and present
work. The inﬂuence of the governing parameters on the primary velocity, secondary velocity,
temperature (h), primary and secondary ﬂow discharges per unit depth in the channel, and frictional
shear stresses due to primary and secondary ﬂow, is studied graphically and using tables.
Applications of the study arise in the simulation of the manufacture of electrically-conducting
polymeric liquids and hydromagnetic energy systems exploiting rheological working ﬂuids.
 2014 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
Heat transfer in magnetohydrodynamic (MHD) ﬂows arises in
a number of technological applications. Working ﬂuids may be
either Newtonian or non-Newtonian. For example such ﬂows
may feature in various materials processing operations [1–3],
metallurgical manufacture [4–7], energy systems [8,9] and the
synthesis of magnetic liquids [10–12]. Numerous studies of such
ﬂows have been conducted using a variety of mathematical
Nomenclature
q velocity vector
A acceleration vector
T body couple per unit mass
F body force per unit mass of ﬂuid
B magnetic ﬁeld vector
E electric ﬁeld vector
J current density vector
k unit vector directed along the axis of rotation of
the system (y-axis)
p hydrodynamic pressure
q couple stress ﬂuid density
g* polar material constant (couple stress viscosity)
l Newtonian dynamic viscosity
r ﬂuid electrical conductivity
le magnetic permeability of the ﬂuid
g gravity
B0 transverse uniform magnetic ﬁeld
b coefﬁcient of thermal expansion
m Newtonian kinematic viscosity
T0 temperature at the reference state
T01 temperature of the surrounding ﬂuid
t time
X uniform angular velocity of the system
u0, w0 velocity components in the x- and z-directions
respectively
T0w wall temperature
g dimensionless y-co-ordinate
u dimensionless x-direction velocity component (pri-
mary velocity)
w dimensionless y-direction velocity component (sec-
ondary velocity)
T non-dimensional time
L characteristic length (and is also the channel semi-
depth)
L2 couple stress parameter
a inclination of the channel to the horizontal
K2 rotational effect parameter (equal to the inverse of
the Ekman number, Ek)
M2 magnetohydrodynamic body force parameter, (di-
rectly proportional to transverse magnetic ﬁeld
strength component applied in the y-direction, B0)
x frequency of oscillation
Gr Grashof (free convection) number
h dimensionless temperature variable
CP speciﬁc heat at constant pressure
j thermal conductivity
Pr Prandtl number
F1 an arbitrary constant
sx frictional shear stresses due to the main at the
upper (g=+1)
sz frictional shear stresses due to the cross ﬂow lower
plate (g= 1)
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involve shear-stress relationships which are more complex than
conventional viscous Newtonian ﬂuids. An extensive variety of
rheological models have been developed for such ﬂows includ-
ing thixotropic, shear-thinning, short-memory, viscoelastic and
microstructural ﬂuid models. Khan and Rahman [13] used a
second order Reiner–Rivlin viscoelastic model to study the
hydromagnetic convection ﬂow in a porous medium. Ahmed
and Attia [14] used a power-law rheological model to study
the hydromagnetic convection from a spinning disk. Ahmed
and Attia [15] further studied the steady laminar ﬂow and
heat transfer of an incompressible, electrically conducting,
non-Newtonian ﬂuid in an eccentric annulus under an external
uniform magnetic ﬁeld incorporating viscous and Joule
dissipation effects. Be´g et al. [16] analyzed numerically the free
convection magnetohydrodynamic ﬂow of a second order
rheological ﬂuid in non-Darcian porous media. Sajid et al.
[17] used the homotopy analysis method to study the dissipative
hydromagnetic convection of a third order Reiner–Rivlin ﬂuid
from a non-conducting stretching sheet, showing that skin
friction coefﬁcient is reduced with an increase in magnetic ﬁeld
and with an increase in viscoelasticity. Abel et al. [18] employed
the Walters-B viscoelastic model to study the momentum, mass
and heat transfer past a stretching sheet in the presence of a
transverse magnetic ﬁeld. Several studies of hydromagnetic
micropolar heat transfer have also been communicated,
wherein the microstructural features of the non-Newtonian
ﬂuids have been considered. Anwar Be´g et al. [19] used the
ﬁnite element method to analyze biomagnetic convection ﬂow
of a micropolar ﬂuid in porous media. Further studies ofhydromagnetic micropolar convection ﬂows have been pre-
sented by Rawat et al. [20] and Zueco et al. [21] and Sharma
et al. [22]. Rawat et al. [23] examined the oscillatory hydromag-
netic heat transfer of a Nakamura–Swada bi-viscosity ﬂuid.
Anwar Be´g et al. [24] studied the transient magnetohydrody-
namic (MHD) boundary layer free convection in a generalized
Beard–Walters elastoviscous ﬂuid along a vertical plate in
porous media using the network simulation method.
In the above non-Newtonian MHD studies, couple stress
ﬂuids have not been considered. Couple stress ﬂuid theory
was introduced by Stokes [25] and is among the polar non-
Newtonian ﬂuid theory which considers couple stresses in addi-
tion to the classical Cauchy stresses in viscous ﬂuid dynamics.
It is the simplest generalization of the classical theory of ﬂuids
which allows for polar effects such as the presence of couple
stresses and body couples. Recently, a number of researchers
have investigated couple stress ﬂuid ﬂows owing to the signif-
icance of such ﬂuids in chemical engineering applications
including polymer-thickened oils, liquid crystals, polymeric
suspensions [26] and physiological ﬂuid mechanics [27]. Couple
stress ﬂuids are also important in the tribology of thrust
bearings [28] and the lubrication of engine rod bearings [29].
Couple stress ﬂuids are much simpler than micropolar ﬂuids
[30], since they possess no microstructure at the kinematic level
and therefore the kinematics of such ﬂuids is totally described
using the velocity ﬁeld. A transport phenomenon in couple
stress ﬂuids has received considerable attention. Soundalgekar
[31] studied analytically the dispersion of ﬂuid in a channel
with couple stresses. Hiremath and Patil [32] investigated the
free convection oscillatory ﬂow of a couple stress ﬂuids
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ematically the steady laminar fully developed ﬂow and heat
transfer in a horizontal channel consisting of a couple-stress
ﬂuid sandwiched between two clear viscous ﬂuids, showing
that the effect of the couple stress parameter is to promote
the motion of the ﬂuid. Umavathi and Malashetty [34] studied
using a perturbation technique, the thermal convection of a
couple stress ﬂuids in a vertical porous stratum, indicating that
both the porous media effect and the couple stress parameter
suppress the ﬂow. Srinivasacharyulu and Odelu [35] used the
quasilinearization method to investigate numerically the
incompressible laminar ﬂow of a couple stress ﬂuids in a por-
ous channel with expanding or contracting walls, assuming
symmetric injection or suction along the walls. Patil and Kulk-
arni [36] used a volume-averaging technique to examine the
two-dimensional oscillatory natural convection ﬂow of an
incompressible polar ﬂuid through a porous medium bounded
by an inﬁnite vertical porous plate with oscillating suction and
temperature at the wall, identifying a multiple boundary layer
structure near the wall. Zueco and Anwar Be´g [37] studied the
pulsatile ﬂow of couple stress ﬂuid and Eyring-Powell ﬂuid in a
rigid channel with wall transpiration, using the network electri-
cal method. Hydromagnetic ﬂows of couple stress ﬂuids have
also stimulated some interest owing to the facility of control-
ling such ﬂows with transverse magnetic ﬁelds. Zakaria [38]
studied the oscillatory hydromagnetic ﬂow of a couple stress
ﬂuids in a porous medium using the state space and Laplace
transform techniques. El-Dabe and El-Mohandis [39] obtained
exact solutions for the pulsatile magnetohydrodynamic ﬂow in
a channel with couple stress effects. Ramana Murthy et al. [40]
examined the steady hydromagnetic ﬂow of a conducting,
incompressible couple stress ﬂuid in an annular region between
two concentric rotating vertical circular cylinders, with porous
lining inside the outer cylinder, imposing an external radial
magnetic ﬁeld. The combined effects of unsteadiness, magnetic
ﬁeld and rotation on couple stress ﬂuid ﬂow were studied ﬁrst
by Ghosh et al. [41].
In the present article we extend the study in [41] to consider
heat transfer effects and also the inﬂuence of inclination of the
channel on the ﬂow dynamics. Such a study has important
applications in the manufacture of electro-conductive poly-
mers and other electrically-conducting non-Newtonian liquids
and has thus far not appeared in the literature.
2. Mathematical model
The ﬁelds of equations for the motion of a viscous, incom-
pressible couple stress ﬂuid, following Stokes [42,43] are as
follows:
r  q ¼ 0 ð1ÞqA ¼ rpþ qFþ 1
2
curlðqTÞ þ lr2q gr4q ð2Þ
The dimensions of g* are those of momentum i.e. mass multi-
plied by velocity. The ratio of this parameter to dynamic vis-
cosity effectively has units of length squared which is a
material characteristic length constant [42,43]. The principal
effect of couple stresses is therefore to introduce a length-
dependent effect which is absent in the classical non-polar ﬂuid
dynamics (Navier–Stokes model).We consider the fully developed transient magnetohydrody-
namic (MHD) ﬂow and thermal convection in a viscous,
incompressible, electrically-conducting, couple stress ﬂuid,
located between parallel plates, under the action of a pressure
gradient. The channel system is inclined at an angle a to the
horizontal, and the entire system (ﬂuid and channel) rotates
with uniform angular velocity, X, about an axis perpendicular
to the plane of the ﬂows, in the presence of a transverse, uni-
form, static, magnetic ﬁeld, B0, which is orientated along the
axis of rotation i.e. y-axis in an x, y, t coordinate system.
The plates are located at y=± L and the channel depth is
2L. The regime is illustrated in Fig. 1. The following assump-
tions for the present ﬂow model are made:
 All ﬂow properties are constant except possibly the
density variation in the body force term.
 Since the plates are assumed inﬁnite in the x- and
z-directions, all physical quantities except pressure, are
functions of the y-coordinate and time (t) only.
 Both the ﬂuid and the channel rotate in unison as a rigid
body with the same constant angular velocity of
rotation.
 The channel plates are both electrically non-conducting.
 Rotation induces a secondary ﬂow in the regime.
 Magnetic Reynolds number is small enough to neglect
magnetic induction effects.
 Hall and ion-slip current effects are neglected.
Incorporating the couple stress effect in the hydromagnetic
Navier–Stokes equations, we arrive at the following unsteady
couple stress hydromagnetic momentum equation, in vector
form, under the Boussinesq approximation, in a rotating frame
of reference:
@q
@t
þ ðq  rÞqþ 2Xk q ¼  1
q
rpþ vr2q g

q
r4q
 1
q
J Bþ gbðT0  T01Þ ð3Þ
The equation of continuity is as given in (1) above.
Ohm’s law for a moving conductor incorporating Hall
current takes the form:
J ¼ r½Eþ q B ð4Þ
Maxwell’s generalized electromagnetic ﬁeld equations, follow-
ing Sutton and Sherman [43,44] may be presented as follows:
r B ¼ leJ ðAmpere0s LawÞ ð5Þ
r  E ¼  @B
@t
ðFaraday’s LawÞ ð6Þ
r B¼ 0 ðMaxwell equationi:e:magnetic field continuityÞ ð7Þ
r:J¼ 0 ðGauss’s Law i:e: conservation of electric chargeÞ ð8Þ
Eqs. (3)–(8) are compatible with the coordinate systems of the
ﬂow regime. The vectors are deﬁned for the present regime as:
q ¼ u0; 0;w0ð Þ; B ¼ ðBx;B0;BzÞ;E ¼ ðEx;Ey;EzÞ; J ¼ ðJx; 0; JzÞ
ð9Þ
The conservation of electric charge (Gauss’s law) gives
r  J= 0, so that Jy= 0 throughout the ﬂuid regime. Since
no external electrical ﬁeld is applied i.e. the system operates
Figure 1 Geometry and co-ordinate system.
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lows that E= 0. The momentum equations in component
form can be presented as follows:
@u0
@t
þ 2Xw0 ¼  1
q
@p
@x
þ m @
2u0
@y2
 g

q
@4u0
@y4
 rB
2
0
q
u0
þ gbðT0  T01Þ sin a ð10Þ
0 ¼  1
q
@p
@y
 gbðT0  T01Þ cos a ð11Þ
@w0
@t
 2Xu0 ¼ m @
2w0
@y2
 g

q
@4w0
@y4
 rB
2
0
q
w0 ð12Þ
The energy equation, neglecting viscous and Joule heating
effects, takes the form:
@T0
@t
¼ j
qcp
@2T0
@y2
ð13Þ
In Eqs. (10) and (12) which represent the primary and second-
ary ﬂow, respectively, the terms,  gq @
4u0
@y4
and  gq @
4w0
@y4
designate
the couple stress (polar) contributions. For the non-polar ﬂow
case these terms vanish and the system reduces to rotating
hydromagnetic Newtonian free convection in an inclined
channel. The penultimate term in Eq. (10) and the ﬁnal term
in Eq. (12), viz  rB20q u0 and 
rB2
0
q w
0 denote respectively the
Lorentzian hydromagnetic body forces in the x0 direction
and z0 direction. These terms are linear and of a retarding
nature (negative sign).
The corresponding boundary conditions for all t i.e. at all
time, are prescribed at the upper plate (y=+L) and lower
plate (y= L) as:
No-slip conditions:
u0 ¼ w0 ¼ 0 at y ¼ L ð14aÞ
Stress-free conditions:
@2u0
@y2
¼ @
2w0
@y2
¼ 0 at y ¼ L ð14bÞ
Thermal boundary conditions:
T0 ¼ T0w at y ¼ þL ð14cÞ
T0 ¼ T01 at y ¼ L ð14dÞThe boundary conditions (14b) imply that the couple stresses
vanish at the plate surfaces. In order to facilitate a solution
to the partial differential Eqs. (10)–(13) under conditions
(14a,b,c,d), we introduce the following dimensionless
variables:
y ¼ gL ð15aÞ
u ¼ u0L=m ð15bÞ
w ¼ w0L=m ð15cÞ
L2 ¼ g

l
ð15dÞ
K2 ¼ XL
2
m
¼ 1
Ek
ð15eÞ
M2 ¼ r
qm
 1=2
B0L ð15fÞ
Gr ¼ gbL
3ðT0w  T01Þ
m2
ð15gÞ
x ¼ x
0L2
m
ð15hÞ
T ¼ mt
L2
ð15iÞ
h ¼ T
0  T01
T0w  T01
ð15jÞ
From Eq. (11) integration with respect to y, yields the pressure
at a depth, h, in the channel:
p ¼ qgbðh yÞðT0  T01Þ cos a ð16Þ
Differentiating Eq. (16) with respect to x, we obtain:
@p
@x
¼ qgbðT0  T01Þ
@h
@x
cos a ð17Þ
The density variation in comparison with depth is assumed
constant. Above the leading edge (x= 0), @h
@x
will there-
fore remain constant and therefore, it is denoted by F1. The
primary momentum Eq. (10), with Eq. (17) and using the
A couple stress ﬂuid modeling on free convection oscillatory hydromagnetic ﬂow 1253transformations (15a)–(15j), can be shown then to reduce to the
dimensionless form:
@u
@T
þ 2K2w ¼ Grðsin a F1 cos aÞhþ @
2u
@g2
 @
4u
@g4
M2u ð18Þ
Similarly the secondary (cross-ﬂow) momentum Eq. (12) using
Eq. (17) and the variables (15a-j), takes the non-dimensional
form:
@w
@T
 2K2u ¼ @
2w
@g2
 @
4w
@g4
M2w ð19Þ
The heat conservation Eq. (13) takes the form
@h
@T
¼ 1
Pr
@2h
@g2
ð20Þ
The transformed boundary conditions (14a-d) become:
No-slip conditions
u ¼ w ¼ 0 at g ¼ 1 ð21aÞ
Stress-free conditions:
@2u
@g2
¼ @
2w
@g2
¼ 0 at g ¼ 1 ð21bÞ
Thermal boundary conditions:
h ¼ 1 at g ¼ 1 ð21cÞ
h ¼ 0 at g ¼ 1 ð21dÞ3. Complex variable analytical solutions
We assume now that the ﬂow regime governed by the
Eqs. (18)–(20) under boundary conditions (21a-d), is of an
oscillatory nature:
uðg;TÞ ¼ Re u1ðgÞeixT
  ð22aÞ
wðg;TÞ ¼ Re w1ðgÞeixT
  ð22bÞ
hðg;TÞ ¼ Re h1ðgÞeixT
  ð22cÞ
Eq. (20) together with Eq. (22c) can be written as:
@2h1
@g2
 ixPrh1 ¼ 0 ð23Þ
Introducing complex variables:
u1 þ iw1 ¼ D1 ð24aÞ
uþ iw ¼ C ð24bÞ
where i=
p
(1). Eqs. (18) and (19) together with Eq. (23),
subject to Eqs. (22a-c), take the form:
@4D1
@g4
 @
2D1
@g2
þ M2 þ iðx 2K2Þ D1
¼ R1
sinhf2ðP1 þ iP2Þg sinhfð1þ gÞðP1 þ iP2Þg ð25Þ
where R1 = Gr(sina  F1cosa) and P1 + i P2 = (i xPr)1/2.
The boundary conditions (21a-d) are now further modiﬁed
to:
No-slip conditions
u1 ¼ w1 ¼ 0 at g ¼ 1 ð26aÞStress-free conditions:
@2u1
@g2
¼ @
2w1
@g2
¼ 0 at g ¼ 1 ð26bÞ
Thermal boundary conditions:
h1 ¼ 1 at g ¼ 1 ð26cÞ
h1 ¼ 0 at g ¼ 1 ð26dÞ
i.e.
D1 ¼ 0 at g ¼ 1 ð27aÞ
@2D1
@g2
¼ 0 at g ¼ 1 ð27bÞ
h1 ¼ 1 at g ¼ 1 ð27cÞ
h1 ¼ 0 at g ¼ 1 ð27dÞ
Eqs. (25) and (23) with the aid of the boundary conditions
(27a-d) can be solved to yield the complex velocity ﬁeld and
the temperature ﬁeld:
D1ðg;TÞ ¼ GrH1 1 ða1 þ ib1Þ
2
fða1 þ ib1Þ2  ða2  ib2Þ2g
coshða2  ib2Þg
coshða2  ib2Þ

þ sinhða2  ib2Þg
sinhða2  ib2Þ
 2 sinhfð1þ gÞðP1 þ iP2Þg
sinhf2ðP1 þ iP2Þg

 GrH1 1 ða2  ib2Þ
2
fða1 þ ib1Þ2  ða2  ib2Þ2g
coshða1 þ ib1Þg
coshða1 þ ib1Þ

þ sinhða1 þ ib1Þg
sinhða1 þ ib1Þ
 2 sinhfð1þ gÞðP1 þ iP2Þg
sinhf2ðP1 þ iP2Þg

ð28Þ
h1ðg;TÞ ¼ sinhfð1þ gÞðP1 þ iP2Þg
sinhf2ðP1 þ iP2Þg ð29Þ
where
H1 ¼ sin a F1 cos a
2f1þ ðP1 þ iP2Þ2g½fM2 þ iðx 2K2Þg þ ðP1 þ iP2Þ2g
ð30Þ
The complex solutions (28) and (29) with the aid of (22a-c) can
now be expressed as follows:
Cðg;TÞ¼ uþ iw¼GrH1 1ða1þ ib1Þ
2
fða1þ ib1Þ2ða2 ib2Þ2g
coshða2 ib2Þg
coshða2 ib2Þ

þ sinhða2 ib2Þg
sinhða2 ib2Þ
2sinhfð1þgÞðP1þ iP2Þg
sinhf2ðP1þ iP2Þg

eixT
GrH1 1ða2 ib2Þ
2
fða1þ ib1Þ2ða2 ib2Þ2g
coshða1þ ib1Þg
coshða1þ ib1Þ

þ sinhða1þ ib1Þg
sinhða1þ ib1Þ
2sinhfð1þgÞðP1þ iP2Þg
sinhf2ðP1þ iP2Þg

eixT ð31Þ
hðg;TÞ ¼ sinhfð1þ gÞðP1 þ iP2Þg
sinhf2ðP1 þ iP2Þg e
ixT ð32Þ
where:
a1 ¼ 1
2
fð1D1Þ2 þ C21g
1=2 þ ð1D1Þ
h i1
2 ð33aÞ
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1
2
fð1D1Þ2 þ C21g
1=2  ð1D1Þ
h i1
2 ð33bÞ
a2 ¼ 1
2
fð1þD1Þ2 þ C21g
1=2 þ ð1þD1Þ
h i1
2 ð33cÞ
b2 ¼
1
2
fð1þD1Þ2 þ C21g
1=2  ð1þD1Þ
h i1
2 ð33dÞ
C1¼ 1ﬃﬃﬃ
2
p fð4M21Þ2þ16ðx2K2Þ2g1=2þð4M21Þ
 1
2
ð33eÞ
D1¼ 1ﬃﬃﬃ
2
p ð4M21Þ2þ16ðx2K2Þ2
n o1=2
ð4M21Þ
 1
2
ð33fÞ
P1 ¼ 1ﬃﬃﬃ
2
p ðS12 þ 4S22Þ
2 þ S1
nh i1
2 ð33gÞ
P2 ¼ 1ﬃﬃﬃ
2
p ðS12 þ 4S22Þ
2  S1
nh i1
2 ð33hÞ
S1 ¼ N21 N22  1 ð33iÞ
S1 ¼ N1N2 ð33kÞ
N1 ¼ 1ﬃﬃﬃ
2
p ð1þ x2Pr2Þ1=2 þ 1
nh i1
2 ð33lÞ
N2 ¼ 1ﬃﬃﬃ
2
p ð1þ x2Pr2Þ1=2  1
nh i1
2 ð33mÞ
For engineering design purposes the frictional shear stresses
due to the main and the cross ﬂow at the upper (g=+1)
and lower plate (g= 1) are important. These are deﬁned as
respectively:
dC
dg

g¼1
¼ sx ¼GrH1 1ða1þ ib1Þ
2
fða1þ ib1Þ2ða2 ib2Þ2g
ða2 ib2Þsinhða2 ib2Þ
coshða2 ib2Þ

þða2 ib2Þcoshða2 ib2Þ
sinhða2 ib2Þ
2ðP1þ iP2Þcothf2ðP1þ iP2Þg

eixT
GrH1 1ða2 ib2Þ
2
fða1þ ib1Þ2ða2 ib2Þ2g
ða1þ ib1Þsinhða1þ ib1Þ
coshða1þ ib1Þ

þða1þ ib1Þcoshða1þ ib1Þ
sinhða1þ ib1Þ
2ðP1þ iP2Þcothf2ðP1þ iP2Þg

eixT ð34Þ
dC
dg

g¼1
¼ sz ¼GrH1 1ða1þ ib1Þ
2
fða1þ ib1Þ2ða2 ib2Þ2g
ða2 ib2Þcoshða2 ib2Þ
sinhða2 ib2Þ

ða2 ib2Þsinhða2 ib2Þ
coshða2 ib2Þ
2 ðP1þ iP2Þ
sinhf2ðP1þ iP2Þg

eixT
GrH1 1ða2 ib2Þ
2
fða1þ ib1Þ2ða2 ib2Þ2g
ða1þ ib1Þcoshða1þ ib1Þ
sinhða1þ ib1Þ

ða1þ ib1Þsinhða1þ ib1Þ
coshða1þ ib1Þ
2 ðP1þ iP2Þ
sinhf2ðP1þ iP2Þg

eixT ð35Þ
We further deﬁne the non-dimensional discharge per unit depth
of the channel, Q, as:
Q¼Qxþ iQz ¼GrH1
1ða1þ ib1Þ2
fða1þ ib1Þ2ða2 ib2Þ2g
2sinhða2 ib2Þ
ða2 ib2Þcoshða2 ib2Þ

 2sinhðP1þ iP2ÞðP1þ iP2ÞcoshðP1þ iP2Þ

GrH1 1ða2 ib2Þ
2
fða1þ ib1Þ2ða2 ib2Þ2g
2sinhða1þ ib1Þ
ða1þ ib1Þcoshða1þ ib1Þ

 2sinhðP1þ iP2ÞðP1þ iP2ÞcoshðP1þ iP2Þ

ð36Þwhere Qx and Qy are the discharge due to the primary ﬂow and
secondary ﬂow, respectively.
3.1. Accuracy of the model
In order to ascertain the accuracy of the numerical results, the
results for the present study are compared with the available
exact solution in the literature. The shear stress (primary and
secondary) proﬁles for x= 0.2, xT= p/2 and R= 5.0 for
various M2 are compared with the available exact solution of
Ghosh et al. [41] and the results are presented in Table 1. It
is clearly observed from this table that the present results are
in good agreement with the available theoretical solution when
K2 = 5.0, a= 0 and Gr= 0. This favorable comparison lends
conﬁdence in the numerical results reported subsequently.
4. Results and discussion
We have computed graphical distributions for the effects of the
magnetic body force parameter (M2), rotational parameter
(K2), Grashof number (Gr), time parameter (xT), pressure gra-
dient (R) and frequency of oscillation (x) on primary velocity
(u), secondary velocity (w) and temperature (h) in Figs. 2–21.
Additionally the variations in primary shear and secondary
shear stress, and primary and secondary mass ﬂow rates are
computed in Tables 1–17.
Figs. 2 and 3 depict the steady-state distribution (xT= 0)
of primary (u) and secondary velocity (w) for various values of
magnetohydrodynamic parameter,M2. The channel is inclined
at 60 (a= p/3) and weak buoyancy forces are acting
(Gr= 2). Fig. 2 shows that an increase inM2 induces a notice-
able reduction in primary velocity across the channel. Close to
the lower plate (g= 1) primary velocity remains positive;
further from the lower plate, as we approach the channel cen-
ter and thereafter the upper plate, there is a considerable retar-
dation on the ﬂow leading to signiﬁcant ﬂow reversal i.e.
backﬂow. Backﬂow is maximized in the central area of the
upper channel half space (g 	 0.5) for the strongest magnetic
ﬁeld case i.e. M2 = 12.0. The oscillatory nature of the ﬂow is
clearly observed in Fig. 2. In Fig. 3 it is apparent that while
the secondary velocity is strongly decreased in the lower chan-
nel half space, values generally remain positive i.e. there is no
backﬂow. In the upper channel half space however backﬂow is
initially accentuated with increasing M2; as we approach the
upper plate however this trend is reversed. The magnetic ﬁeld
acts to reduce secondary ﬂow reversal closer to the upper plate.
Figs. 4 and 5 depict the transient distribution (xT= p/2) of
primary (u) and secondary velocity (w) for various values of
magnetohydrodynamic parameter,M2. Comparing Fig. 4 with
the steady state case (Fig. 2), a marked alteration is caused by
progression of time; in the lower channel half space there is
now back ﬂow, with strong ﬂow acceleration in the upper
channel half space. In the lower channel half space increasing
M2 suppresses back ﬂow; the maximum positive primary
velocity corresponds toM2 = 5.0 (weakest magnetic ﬁeld case)
and arises close to the upper plate. Comparing Fig. 5 with
Fig. 3 (steady state case), we observe that with the progression
of time, the secondary ﬂow is slightly suppressed in the
lower channel half space, but considerably decelerated in
the upper channel half space. Backﬂow is more signiﬁcant
in the upper channel half space over the same range of
Table 1 Shear stresses at the upper plate due to primary and secondary ﬂows for x= 0.2, xT= p/2 and R= 5.0 for variousM2 with
K2 = 5.0 when a= 0 and Gr = 0.
M2 Present Study Previous study [41]
sx (Primary) sz (Secondary) sx (Primary) sz (Secondary)
5 0.14323920 0.42255110 0.14350132 0.42250721
7 0.08150369 0.33887940 0.08148132 0.33890310
9 0.05309647 0.28532940 0.05311720 0.28531508
12 0.03235573 0.23317190 0.03236149 0.23319063
14 0.02477749 0.20893030 0.02482073 0.20894090
Figure 2 Primary velocity distribution (u) with various magnetic
parameter values for xT= 0.0.
Figure 3 Secondary velocity distribution (w) with various
magnetic parameter values for xT= 0.0.
Figure 4 Primary velocity distribution (u) with various magnetic
parameter values for xT= p/2.
Figure 5 Secondary velocity distribution (w) with various
magnetic parameter values for xT= p/2.
A couple stress ﬂuid modeling on free convection oscillatory hydromagnetic ﬂow 1255magnetic parameters, M2, for xT= p/4, compared with
xT= 0 (w magnitudes are several orders higher than for the
steady state case). As with the steady state case, effectively
the magnetic ﬁeld owing to the action of the Lorentz hydro-
magnetic body forces (M2u and M2w) in Eqs. (18) and
(19), respectively, reduces secondary velocity magnitudes
across the channel i.e. inhibits ﬂow.
Figs. 6 and 7 depict the inﬂuence of free convection param-
eter i.e. Grashof number (Gr) on steady state (xT= 0) pri-
mary and secondary velocity evolution across the channel.Increasing Gr acts to accelerate the primary ﬂow (Fig. 6) in
the lower channel half space markedly, but decelerates primary
ﬂow in the upper channel half space. In the upper channel half
Figure 6 Primary velocity distribution (u) with various Grashof
numbers for xT= 0.0.
Figure 7 Secondary velocity distribution (w) with various
Grashof numbers for xT= 0.0.
Figure 8 Primary velocity distribution (u) with various Grashof
numbers for xT= p/2.
Figure 9 Secondary velocity distribution (w) with various
Grashof numbers for xT= p/2.
1256 S. Ahmed et al.space very strong backﬂow is present for any Gr value.
Throughout the channel the maximum magnitudes of u are
associated with the maximum Gr value (= 8), for which the
buoyancy force is eight times the viscous hydrodynamic force
in the regime. The undulating nature of the primary ﬂow evo-
lution across the channel is clearly visible in Fig. 7. Secondary
ﬂow is also accelerated with increasing Grashof number in the
lower channel half space and retarded in the upper channel
half space. The secondary velocity distribution however is
more symmetrical about the channel center line than the pri-
mary ﬂow, indicating that increasing buoyancy forces serve
to equilibrate the secondary ﬂow.
Figs. 8 and 9 illustrate the transient scenarios for the
response of primary and secondary velocity to Grashofnumber. Comparison of Fig. 8 with Fig. 6 (steady state case)
reveals that with elapse of time, there is a marked primary
backﬂow induced in the lower half of the channel and a signif-
icant ﬂow acceleration in the upper channel half space.
Increasing Grashof number accentuates primary backﬂow in
the lower channel half space and enhances primary ﬂow veloc-
ity in the upper regime. Buoyancy effects i.e. free convection
currents therefore exert a major inﬂuence on the primary ﬂow
dynamics in the channel. Conversely with the progression of
time, there is still a strong positive secondary ﬂow in the lower
channel half space (Fig. 7) and a dominant backﬂow in the
Figure 10 Primary velocity distribution (u) with various rota-
tional parameters for xT= 0.0.
Figure 11 Secondary velocity distribution (w) with various
rotational parameters for xT= 0.0.
Figure 12 Primary velocity distribution (u) with various rota-
tional parameters for xT= p/2.
Figure 13 Secondary velocity distribution (w) with various
rotational parameters for xT= p/2.
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arises much closer to the center line of the channel, in fact in
the lower half space for the transient case (Fig. 9). For the
steady state case (Fig. 7) secondary backﬂow does not arise
anywhere in the lower channel half space. Therefore time
elapsing has the effect of causing the onset of backﬂow in
the secondary ﬂow ﬁeld earlier in the channel. Secondary
velocity magnitudes in the upper channel half space are also
considerably greater for the transient case, than for the steady
state case. The minimum velocity is now increased from
approximately 0.03 for the steady state case (Fig. 7) to
0.08 for the transient case (Fig. 9) both corresponding to
the maximum Grashof number (Gr= 8).Figs. 10 and 11 present the steady state response (xT= 0)
of the primary and secondary ﬂow ﬁelds to a change in rota-
tional parameter, K2. This parameter effectively deﬁnes the rel-
ative inﬂuence of the Coriolis (rotational) force and the
hydrodynamic viscous force in the regime. For K2 = 1 these
two forces assume the same order of magnitude. For K2 > 1,
the rotational effects clearly dominate viscous effects. For
K2 < 1, the rotational effects are dominated by viscous effects.
Coriolis body forces arise in both the primary (main ﬂow) and
secondary (cross ﬂow) momentum Eqs. (18) and (19) as 2K2w
and K2u, respectively. Inspection of Fig. 10 shows that with
an increase in K2, from 2, though 4 to 6, there is generally a
primary backﬂow across the span of the channel; however with
Figure 14 Primary velocity distribution (u) with various plate
inclinations for xT= 0.0.
Figure 15 Secondary velocity distribution (w) with various plate
inclinations for xT= 0.0.
Figure 16 Primary velocity distribution (u) with various plate
inclinations for xT= p/2.
Figure 17 Secondary velocity distribution (w) with various plate
inclinations for xT= p/2.
1258 S. Ahmed et al.further increase in K2 to 8 a dramatic change arises and back-
ﬂow vanishes. A similar pattern is observed for the secondary
ﬂow in Fig. 11. However we observe that secondary ﬂow veloc-
ity magnitudes are considerably greater for any K2 in Fig. 11
than the primary velocity magnitudes for the corresponding
K2 in Fig. 10. Evidently a critical value of K2 is present for
which backﬂow is converted to positive ﬂow in the regime,
for both the primary and secondary ﬂow ﬁelds. This feature
is of some importance in MHD energy generator working
operations, where the results indicate that backﬂow may beeliminated with sufﬁcient rotational velocity of the channel
since K2 ¼ XL2m and for constant L and m, x i.e. angular velocity,
is the controlling variable in K2.
Figs. 12 and 13 depict the distributions of primary (u) and
secondary velocity (w) for the transient case (xT= p/2) to a
change in rotational parameter, K2. Comparing Fig. 12 with
Fig. 10, we observe that an increase in K2 from 2 through 4
to 6, causes the opposite effect for the transient case compared
with the steady state case; the primary ﬂow is progressively
accelerated for the transient case. For K2 = 8, however the
ﬂow is strongly decelerated with strong ﬂow reversal. The pas-
Figure 18 Primary velocity distribution (u) with various time
parameters.
Figure 19 Secondary velocity distribution (w) with various time
parameters.
Figure 20 Temperature distributions (h) for x= 2.0.
Figure 21 Temperature distributions (h) for Pr = 0.71 for
various angular frequencies.
Table 2 Shear stress due to primary ﬂow (sx) at the upper
plate for K2 = 2.0, Gr= 2.0, x= 0.2, xT= 0, Pr= 0.71
(air), F1 = 1.0 for various magnetic and inclination parameters.
M2 ﬁ 5.0 7.0 9.0 12.0
a ﬂ
0 0.305478 0.264023 0.227649 0.187234
p/6 0.111645 0.096494 0.083200 0.068429
p/4 0.000260 0.000224 0.000193 0.000159
p/3 0.112147 0.096928 0.083575 0.068737
p/2 0.305540 0.264077 0.227696 0.18727
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the primary ﬂow patterns in the channel. For the secondary
ﬂow, in the transient case, Fig. 13 shows that an elapse in time
does not alter the general ﬂow pattern from the steady state;
once again with increasing K2 from 2 through 4 to 6, there is
a strong deceleration induced i.e. back ﬂow is accentuated.
With further increase in K2 to 8, the secondary velocity, w,
again becomes positive. However there is a noticeable modiﬁ-
cation in the magnitudes of the secondary velocity. For
K2 = 6, in the transient case, the minimum secondary velocity
attained is 0.275 at g 	 0.4, whereas in the steady state case
(Fig. 11) the value is much greater at 0.48. The peak positivesecondary velocity is also reduced from the transient case to
0.03 for K2 = 8 (strongest Coriolis force considered) and from
0.8 for the steady state case. Both peaks arise again at g 	 0.4
i.e. in the upper channel half space. Clearly therefore the inten-
sity of secondary backﬂow is suppressed with the passage of
Table 3 Shear stress due to secondary ﬂow (sz) at the lower
plate for K2 = 2.0, Gr= 2.0, x= 0.2, xT= 0, Pr= 0.71
(air), F1 = 1.0 for various magnetic and inclination parameters.
M2 ﬁ 5.0 7.0 9.0 12.0
a ﬂ
0 0.092602 0.035833 0.008458 0.009504
p/6 0.033844 0.013096 0.003091 0.003473
p/4 0.000079 0.000003 0.00007 0.00008
p/3 0.033996 0.013155 0.003105 0.003489
p/2 0.092621 0.03584 0.008459 0.009505
Table 4 Shear stress due to primary ﬂow (sx) at the upper
plate for K2 = 2.0, Gr= 2.0, x= 0.2, xT= p/2, Pr= 0.71
(air), F1 = 1.0 for various magnetic and inclination parameters.
M2 ﬁ 5.0 7.0 9.0 12.0
a ﬂ
0 0.09266 0.03588 0.00850 0.00946
p/6 0.03386 0.01311 0.00311 0.00346
p/4 0.00007 0.00003 0.00007 0.000008
p/3 0.03402 0.01317 0.003122 0.00347
p/2 0.09268 0.03589 0.008506 0.009468
Table 5 Shear stress due to secondary ﬂow (sz) at the lower
plate for K2 = 2.0, Gr= 2.0, x= 0.2, xT== p/2, Pr= 0.71
(air), F1 = 1.0 for various magnetic and inclination parameters.
M2 ﬁ 5.0 7.0 9.0 12.0
a ﬂ
0 0.305459 0.26401 0.22765 0.18723
p/6 0.111638 0.09649 0.08320 0.06843
p/4 0.00026 0.00022 0.00019 0.00016
p/3 0.11214 0.09692 0.08357 0.06873
p/2 0.30552 0.26407 0.22769 0.18727
Table 6 Shear stress due to primary ﬂow (sx) at the upper
plate for M2 = 5.0, K2 = 2.0, x= 0.2, xT= 0.0, Pr= 0.71
(air), F1 = 1.0 for various Grashof numbers and channel
inclinations.
Gr ﬁ 2.0 4.0 6.0 8.0
a ﬂ
0 0.30547 0.61095 0.91643 1.22191
p/6 0.11164 0.22329 0.33493 0.44658
p/4 0.00026 0.00052 0.00078 0.00104
p/3 0.11214 0.22429 0.33644 0.44859
p/2 0.30554 0.61108 0.91662 1.22216
Table 7 Shear stress due to secondary ﬂow (sz) at the lower
plate for M2 = 5.0, K2 = 2.0, x= 0.2, xT= 0.0, Pr= 0.71
(air), F1 = 1.0 for various Grashof numbers and channel
inclinations.
Gr ﬁ 2.0 4.0 6.0 8.0
a ﬂ
0 0.092602 0.185203 0.27780 0.37041
p/6 0.033844 0.067688 0.10153 0.13537
p/4 0.000078 0.00016 0.00023 0.00031
p/3 0.033996 0.06799 0.10199 0.13598
p/2 0.092621 0.18524 0.27786 0.37048
Table 8 Shear stress due to primary ﬂow (sx) at the upper
plate for M2 = 5.0, K2 = 2.0, x= 0.2, xT= p/2, Pr= 0.71
(air), F1 = 1.0 for various Grashof numbers and channel
inclinations.
Gr ﬁ 2.0 4.0 6.0 8.0
a ﬂ
0 0.09266 0.18533 0.27799 0.37065
p/6 0.03387 0.06773 0.10159 0.13547
p/4 0.000079 0.000157 0.000236 0.00031
p/3 0.034019 0.068038 0.102057 0.13607
p/2 0.092683 0.185315 0.27805 0.37073
Table 9 Shear stress due to secondary ﬂow (sz) at the lower
plate forM2 = 5.0, K2 = 2.0, x= 0.2, xT== p/2, Pr= 0.71
(air), F1 = 1.0 for various Grashof numbers and channel
inclinations.
Gr ﬁ 2.0 4.0 6.0 8.0
a ﬂ
0 0.30546 0.61092 0.91638 1.22183
p/6 0.11164 0.22327 0.33491 0.44655
p/4 0.00026 0.00052 0.00078 0.00104
p/3 0.11214 0.22428 0.33642 0.44856
p/2 0.30552 0.61104 0.91656 1.22208
Table 10 Mass ﬂow rate due to primary ﬂow (Qx) for
M2 = 5.0, K2 = 2.0, x= 0.2, xT= 0.0, Pr= 0.71 (air),
F1 = 1.0 for various Grashof numbers and channel
inclinations.
Gr ﬁ 2.0 4.0 6.0 8.0
a ﬂ
0 0.13354 0.26708 0.40063 0.53417
p/6 0.04881 0.09761 0.14642 0.19522
p/4 0.00011 0.00022 0.00034 0.00045
p/3 0.04902 0.09805 0.14708 0.19610
p/2 0.13357 0.26714 0.40071 0.53427
1260 S. Ahmed et al.time in the channel, and the positive secondary ﬂow is also sti-
ﬂed somewhat.
Figs. 14 and 15 show the evolution of u and w proﬁles
across the channel for various inclinations angles of the chan-
nel, for the steady state case. For a= 0 the channel is horizon-
tal and for a= p/2 the channel assumes a vertical position. In
the former gravitational effects will be minimized and in the
latter they will be maximized. The inclination parameter arisesonly in the buoyancy term, Gr (sina  F1cosa) in the primary
momentum Eq. (18). However via the coupling term in the sec-
ondary momentum Eq. (19), viz the primary Coriolis force,
2K2u, the secondary velocity ﬁeld will be affected by the pri-
mary velocity ﬁeld. Inspection of Fig. 14 shows that as the
Table 11 Mass ﬂow rate due to secondary ﬂow (Qz) for
M2 = 5.0, K2 = 2.0, x= 0.2, xT= 0.0, Pr= 0.71 (air),
F1 = 1.0 for various Grashof numbers and channel
inclinations.
Gr ﬁ 2.0 4.0 6.0 8.0
a ﬂ
0 0.09216 0.18433 0.27649 0.36866
p/6 0.03368 0.06737 0.10105 0.13473
p/4 0.00007 0.00016 0.00023 0.00031
p/3 0.03383 0.06767 0.10151 0.13534
p/2 0.09218 0.18436 0.27655 0.36873
Table 12 Mass ﬂow rate due to primary ﬂow (Qx) for
M2 = 5.0, K2 = 2.0, x= 0.2, xT= p/2, Pr= 0.71 (air),
F1 = 1.0 for various Grashof numbers and channel
inclinations.
Gr ﬁ 2.0 4.0 6.0 8.0
a ﬂ
0 0.01943 0.03403 0.05942 0.07178
p/6 0.07519 0.04213 0.01230 0.01036
p/4 1.57451 0.61155 0.11946 0.63334
p/3 1.73707 0.96692 0.27547 0.24920
p/2 0.44826 0.78891 1.37615 1.66169
Table 13 Mass ﬂow rate due to secondary ﬂow (Qz) for
M2 = 5.0, K2 = 2.0, x= 0.2, xT= p/2, Pr= 0.71 (air),
F1 = 1.0 for various Grashof numbers and channel
inclinations.
Gr ﬁ 2.0 4.0 6.0 8.0
a ﬂ
0 0.07666 0.07138 0.05216 0.03316
p/6 0.02458 0.06694 0.07812 0.07840
p/4 0.93830 1.72759 1.82859 1.71944
p/3 0.57775 1.55413 1.80937 1.81307
p/2 1.77451 1.65122 1.20606 0.76599
Table 14 Mass ﬂow rate due to primary ﬂow (Qx) for
K2 = 2.0, Gr= 2.0, x= 0.2, xT= 0.0, Pr= 0.71 (air),
F1 = 1.0 for various magnetic parameters and channel
inclinations.
M2 ﬁ 5.0 7.0 9.0 12.0
a ﬂ
0 0.13354 0.09527 0.07211 0.05190
p/6 0.04881 0.03482 0.02635 0.01896
p/4 0.00011 0.00008 0.00006 0.00004
p/3 0.04902 0.03497 0.02647 0.01905
p/2 0.13356 0.09529 0.07212 0.05191
Table 15 Mass ﬂow rate due to secondary ﬂow (Qz) for
K2 = 2.0, Gr= 2.0, x= 0.2, xT= 0.0, Pr= 0.71 (air),
F1 = 1.0 for various magnetic parameters and channel
inclinations.
M2 ﬁ 5.0 7.0 9.0 12.0
a ﬂ
0 0.09216 0.08689 0.07767 0.06497
p/6 0.03368 0.03176 0.02838 0.02374
p/4 0.00007 0.00007 0.00006 0.00005
p/3 0.03383 0.03190 0.02851 0.02385
p/2 0.09218 0.08691 0.07769 0.06498
Table 16 Mass ﬂow rate due to primary ﬂow (Qx) for
K2 = 2.0, Gr= 2.0, x= 0.2, xT= p/2, Pr= 0.71 (air),
F1 = 1.0 for various magnetic parameters and channel
inclinations.
M2 ﬁ 5.0 7.0 9.0 12.0
a ﬂ
0 0.01943 0.04165 0.06143 0.08412
p/6 0.07519 0.09024 0.09783 0.09950
p/4 1.57451 2.00006 2.26636 2.43535
p/3 1.73707 2.08731 2.26523 2.30685
p/2 0.44826 0.96239 1.42003 1.94535
Table 17 Mass ﬂow rate due to secondary ﬂow (Qz) for
K2 = 2.0, Gr= 2.0, x= 0.2, xT= p/2, Pr= 0.71 (air),
F1 = 1.0 for various magnetic parameters and channel
inclinations.
M2 ﬁ 5.0 7.0 9.0 12.0
a ﬂ
0 0.07666 0.08041 0.07688 0.06449
p/6 0.02458 0.00780 0.01079 0.03659
p/4 0.93830 0.63565 0.25387 0.32089
p/3 0.57775 0.19129 0.23821 0.83512
p/2 1.77451 1.86157 1.78027 1.49404
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2, there is a strong acceleration in the primary ﬂow in the
major section of the lower half space. For the lower a values
(0, p/6) primary velocity is negative i.e. ﬂow reversal occurs,
however for the higher a values (p/3 and p/2) primary velocitybecomes positive. This trend is sustained up to g 	 0.3; there-
after a switch in the effect of inclination arises. For a= p/2,
ﬂow is completely stabilized i.e. primary velocity vanishes. Pri-
mary velocity is found to be maximized with the horizontal
channel case (a= 0) and minimized for the vertical channel
case (a= p/2). The maximum primary velocity computed is
0.05 approximately and arises at g 	 0.5; the minimum pri-
mary velocity attains a value of 0.05 also at this location in
the upper channel half space. There is a clear symmetry in
the primary velocity proﬁles about the g-axis for opposite
inclination values, for example the a= 0 proﬁle is a reﬂection
of the a= p/2 proﬁle in the g-axis. Similarly the a= p/6 pro-
ﬁle is a reﬂection of the a= p/3 proﬁle in the g-axis. Fig. 15
shows that a very similar response is apparent in the secondary
velocity proﬁles; however the magnitudes are considerably
smaller than those of the primary velocity. The maximum sec-
ondary velocity is now only 0.02 and the minimum 0.02, both
located closer to the upper plate at g 	 0.6. This is expected
since the secondary velocity ﬁeld is only indirectly affected
1262 S. Ahmed et al.by channel inclination via the primary momentum equation;
the principal effect will be experienced by the primary ﬂow
ﬁeld.
Figs. 16 and 17 show the inﬂuence of channel inclinations,
for the transient case (xT= p/2) on primary and secondary
velocity distributions. Comparing the primary ﬂow in Fig. 16
with the steady state case (Fig. 14), two important differences
are observed. Firstly with passage of time, the magnitudes of
primary velocity are reduced; for example the maximum u
value is now w= 0.02 compared with w= 0.05 (steady state),
again for the maximum inclination case (a= p/2). Secondly
the transition from positive ﬂow to back ﬂow for lower chan-
nel inclinations (and from back ﬂow to positive ﬂow for higher
channel inclinations) is displaced to just beyond the channel
center line in the upper channel half space for the transient
case, whereas it clearly arises some distance into the lower
channel half space for the steady state case. For the secondary
ﬂow, the opposite effect is generated. Magnitudes are observed
to be increased for the transient case compared with the steady
state case (Fig. 15); also the transition from positive ﬂow to
backﬂow (and vice versa) migrates from a point just beyond
the channel center line (for the steady state case) to deep into
the lower half space (for the transient case). As with the steady
state proﬁles, there is again a sharp symmetry in the secondary
velocity proﬁles about the g-axis for opposite inclination val-
ues, for the transient case, as there is for the steady state case.
Generally secondary ﬂow is aided with the elapse of time.
Figs. 18 and 19 depict the effect of time (xT) on primary (u)
and secondary (w) velocity proﬁles in the channel. With
increasing time from the steady state (xT= 0) through
xT= p/6, p/4, p/3 and p/2, primary ﬂow in the lower half
space of the channel is progressively decelerated; for
xT= 0, p/6, p/4, primary velocity is initially positive; as we
progress away from the lower plate however the proﬁles soon
become negative i.e. ﬂow reversal sets in; with increasing time
i.e. xT= p/3 and p/2, primary velocity is always negative i.e.
backﬂow arises from the lower channel plate. In the upper
channel half space the reverse behavior arises. At some dis-
tance within the lower channel half space, all proﬁles remain
negative for all times with the exception of xT= p/2 i.e. only
this last proﬁle becomes positive. Overall therefore progression
of time, the primary ﬂow although strongly reversed, eventu-
ally becomes positive. Peak primary velocity is achieved at
g= 0.6 for xT= p/2; the minimum primary velocity arises
for xT= 0, also at this location. Examination of Fig. 19
shows that secondary velocity, w, is generally positive as xT
increases in the major region of the lower channel half space;
however the w values are decreased with an increase in time.
However as we move into the upper channel half space, we
observe that although backﬂow is generally present for any
time, it is generally enhanced with greater times i.e. secondary
velocity becomes increasingly negative with further time
elapse. Unlike the primary proﬁles, the peak secondary veloc-
ity surfaces in the lower channel half space and has a magni-
tude of approximately 0.006 at g= 0.6, for xT= p/6; the
minimal secondary velocity is 0.021 approximately at
g=+0.6 (upper channel half space), for xT= p/3.
Figs. 20 and 21 illustrate the effect of Prandtl number (Pr)
and angular frequency (x) on the temperature distribution (h)
across the channel span. We observe in Fig. 20, that for
Pr< 1, negligible change in temperature is observed. In factfor all such cases the temperature is a linear proﬁle from the
lower channel plate to the upper channel plate. For Pr= 1,
for which the momentum and thermal diffusion rates are the
same, a signiﬁcant deviation from this linear response is
observed. Temperatures are observed to grow strongly only
from some distance in the upper channel half space and follow
a nonlinear path to the upper channel plate. The temperature
values are clearly much less for Pr= 1 than for Pr< 1. Smal-
ler Pr ﬂuids have higher thermal conductivities so that heat can
diffuse through the channel between the plates faster than for
higher Pr ﬂuids. In accordance with this, a strong decrease in
temperature accompanies an increase in Prandtl number. For
Pr < 1 the thermal diffusivity exceeds the momentum diffusiv-
ity and therefore temperatures are higher. Fig. 21 shows that
with an increase in angular frequency of the oscillatory
motion, the temperature ﬁeld becomes increasingly unstable;
h values are generally reduced, although there is a slight
reverse in this effect from x= 4 to x= 6; the minimum tem-
perature is 6 and corresponds to x= 4 at g 	 0.7. Therefore
although an initial growth in angular frequency serves to
reduce temperatures, further escalation in the frequency in fact
has a positive effect on the regime, stabilizes the temperature
ﬁeld and leads to a steep growth in the temperature ﬁeld to
the upper channel plate.
In Tables 2–9 we have presented the inﬂuence of various
parameters on the shear stresses due to the primary (sx) and
secondary ﬂows (sz). Tables 10–17 provide the distributions
of the mass ﬂow rates due to the primary ﬂow (Qx) and second-
ary ﬂow (Qz) in the regime.
Tables 2 and 3 show the combined inﬂuence of magnetohy-
drodynamic parameter (M2) and channel inclination (a) on the
primary and secondary shear stress at the upper and lower
plates, respectively, for the steady state case (xT= 0). With
increasing M2, sx values are generally decreased. Magnetic
Lorentz force clearly acts to inhibit the ﬂow i.e. decelerate
the ﬂow at the upper plate. With increasing a a reduction in
primary shear stress is also induced. For aP p/4, the shear
stresses become negative indicating that primary back ﬂow is
generated in the channel at the upper plate. Clearly maximum
primary shear stress arises for the horizontal channel case
(a= 0) with low magnetic ﬁeld intensity (M2 = 5); the mini-
mum primary shear stress corresponds to the vertical channel
case (a= p/2) but with weakest imposition of magnetic ﬁeld
again (M2 = 5). Stronger magnetic ﬁeld for the vertical chan-
nel case acts to suppress the back ﬂow. Generally secondary
shear stress (sz) is also found to be reduced with increasing
magnetic ﬁeld for low channel inclinations; however for
greater channel inclinations (aP p/3) this trend is reversed
and the secondary shear stresses are increased becoming posi-
tive with very high magnetic ﬁelds i.e. the secondary ﬂow is
accentuated with greater channel inclinations. The cross ﬂow
is therefore aided in these cases.
Tables 4 and 5 present the sz and sz distributions with (M
2)
and (a) variation, for the transient case (xT= p/2). A very dif-
ferent response is observed for primary shear stress compared
with the steady state case (Table 2); initially for low channel
inclinations, there is strong primary backﬂow; this is modiﬁed
and back ﬂow generally eliminated for higher channel inclina-
tions. Increasing magnetic ﬁeld generally acts to retard the ﬂow
i.e. reduce primary shear stresses at the upper plate. Table 5
shows that while the pattern is generally the same for the
A couple stress ﬂuid modeling on free convection oscillatory hydromagnetic ﬂow 1263transient case compared with the steady state case, magnitudes
of secondary shear stress are substantially higher; i.e. the elapse
of time acts to boost the secondary ﬂow in the regime.
Tables 6–9 present the sz and sz distributions with Grashof
number (Gr) and channel inclination (a) variation, for the
steady state case (xT= 0) and the transient case (xT= p/
2), respectively. Comparing Figs. 6 and 8 we observe that while
an increase in Gr boosts the primary ﬂow shear stress at the
upper plate for any channel inclination, backﬂow is generally
associated with the higher channel inclinations for the steady
state case (Table 6) whereas it corresponds to the lower chan-
nel inclinations for the transient case. Comparing Tables 7 and
9 for the secondary shear stress, we note that back ﬂow in both
cases arises only at higher channel inclinations (aP p/4); how-
ever the magnitude of secondary shear stress is signiﬁcantly
greater for the transient case. An elapse in time therefore inten-
siﬁes the secondary ﬂow substantially at the lower plate. In
both Tables 7 and 9, once again increasing the Grashof num-
ber enhances the secondary shear stress values at the lower
plate. Stronger buoyancy forces therefore aid the development
of the cross ﬂow at the lower plate.
Tables 10–13 show the response of the mass ﬂow rates due
to the primary ﬂow (Qx) and secondary ﬂow (Qz) to Grashof
number (Gr) and channel inclination (a) variation, for the
steady state case (xT= 0) and the transient case (xT= p/
2), respectively. Comparing Tables 10 and 12, it is apparent
that for the steady state case, there is intensiﬁcation in reverse
mass ﬂow rate with increasing Grashof number at lower chan-
nel inclinations. For the transient case, the primary backﬂow is
conversely opposed for lower channel inclinations. At higher
channel inclinations, for the steady state case, the primary
mass ﬂow rate is strongly positive, whereas for the transient
case, it becomes negative. With passage of time, therefore sig-
niﬁcant primary backﬂow is induced with greater buoyancy
effects. Comparing Tables 11 and 13 we observe that strong
secondary ﬂow is generated in the channel with increasing
Grashof number at lower channel inclinations for the steady
state case. On the other hand, for the transient case, with a rise
in inclination parameter and increasing Grashof number,
backﬂow is invariably present in the secondary (cross) ﬂow.
Finally Tables 14–17 present the distributions for the mass
ﬂow rates due to the primary ﬂow (Qx) and secondary ﬂow
(Qz) for various combinations of the magnetohydrodynamic
body force parameter (M2) and channel inclination (a) varia-
tion, for the steady state case (xT= 0) and the transient case
(xT= p/2), respectively. Comparison of Tables 14 and 16
reveals that primary mass ﬂow rate, Qx is only reversed at
low channel inclinations, for the steady state case. For the
transient case, it is reversed for all channel inclinations. With
increasing a, for the steady state case, we ﬁnd that primary
ﬂow is affected positively at higher channel inclinations. With
increasing magnetic ﬁeld, M2, for any channel inclination, the
primary ﬂow mass rates are depressed in magnitude i.e. the pri-
mary ﬂow is clearly inhibited; this trend arises for both the
steady state and transient cases, although in the latter, very
strong ﬂow reversal is generated by the impeding effect of
the magnetic ﬁeld at high channel inclinations. Finally com-
parison of Tables 15 and 17, show that while for both steady
state and transient cases, the secondary mass ﬂow rate is
impeded by greater magnetic ﬁeld, it remains positive for lower
channel inclinations in the former case, but is generally
negative for all inclinations in the latter (except at very highM2 values). Signiﬁcant secondary ﬂow reversal is induced in
the steady state case, for a> p/4, but again this is inhibited
by the action of the magnetic ﬁeld i.e. with greater M2 values,
Qz becomes less negative.5. Conclusions
A theoretical analysis of the oscillatory magnetohydrodynamic
ﬂow and convection heat transfer in a viscous, incompressible,
electrically-conducting ﬂuid with couple stress effects, in a
rotating, inclined channel with non-conducting walls, has been
conducted. The two-point boundary value problem has been
non-dimensionalized with appropriate no-slip, stress free and
thermal boundary conditions. Analytical solutions using the
method of complex variables have been derived. The computa-
tions have shown that:
(i) Magnetic ﬁeld serves to inhibit primary ﬂow in the chan-
nel; secondary back ﬂow is however initially enhanced
with increasing magnetic ﬁeld effects, but closer to the
upper plate is impeded.
(ii) With progression of time, the secondary ﬂow is slightly
reduced in the lower channel half space, but markedly
decelerated in the upper channel half space.
(iii) Increasing Grashof number (buoyancy parameter acts to
accelerate the primary ﬂow) in the lower channel half
space markedly, but retards primary ﬂow in the upper
channel half space.
(iv) Secondary ﬂow is also accelerated with increasing Gras-
hof number in the lower channel half space and impeded
in the upper channel half space.
(v) With an increase in rotational parameter i.e. inverse
Ekman number, for the steady state, there is initially a
strong primary backﬂow across the span of the channel;
however at stronger values of rotational parameter (i.e.
greater angular velocity of the rotating channel), pri-
mary backﬂow is eliminated. A similar pattern is
observed for the secondary ﬂow. These trends are signif-
icantly modiﬁed with progression of time.
(vi) With increasing channel inclination, for the steady state
case, there is a strong acceleration in the primary ﬂow in
the major section of the lower half space and a very sim-
ilar response for secondary velocity proﬁles; however the
secondary velocity magnitudes are somewhat less than
primary velocity magnitudes. With increasing time, the
magnitudes of primary velocity are reduced whereas
they are enhanced for the secondary ﬂow.
(vii) At Prandtl numbers less than unity, a linear proﬁle is
computed for temperature variation across the channel.
For Pr= 1, while temperatures are strongly reduced,
they are observed to follow a nonlinear growth proﬁle
from some distance in the upper channel half space
and to the upper channel plate.
(viii) With an increase in angular frequency of the oscillatory
motion, the temperature ﬁeld becomes increasingly
unstable and temperatures are generally decreased.
(ix) With increasing magnetohydrodynamic body force,
both primary shear stress (for all channel inclinations)
and secondary shear stress values (for low channel incli-
nations) are generally decreased, for the steady state
case. However for greater channel inclinations (aP p/
1264 S. Ahmed et al.3) this trend is reversed and the secondary shear stresses
are increased becoming positive with very high magnetic
ﬁelds i.e. cross ﬂow is boosted.
(x) With passage of time, signiﬁcant primary backﬂow (neg-
ative mass ﬂow rate) is induced with an increase in Gras-
hof number i.e. greater buoyancy effects. Strong
secondary ﬂow is generated in the channel with increas-
ing Grashof number at lower channel inclinations for
the steady state case. On the other hand, for the tran-
sient case, with a rise in inclination parameter and
increasing Grashof number, backﬂow is dominant in
the secondary (cross) ﬂow i.e. negative secondary mass
ﬂow rates arise.
The current study has considered a simple couple stress
(non-Newtonian) ﬂuid case. Applications of the study arise
in the simulation of the manufacture of electrically-conducting
polymeric liquids and hydromagnetic energy systems exploit-
ing rheological working ﬂuids. Future studies will consider
more complex rheological ﬂuids e.g. micropolar ﬂuids [44],
and will be reported in the near future.References
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